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ABSTRACT 
 
Effect of high and low Reynolds number is studied on low frequency vibrational modes of a 
spherical virus embedded in the aqueous medium. We have used an analytical approach based on 
fluid dynamic and classical Lamb’s theory to calculate the vibrational modes of a virus with material 
parameters of lysozyme crystal in water. The obvious size effect on the vibrational modes is 
observed. The estimated damping time which is of the order of picosecond varies with Reynolds 
number and shows a high value for a critical Reynolds number. The stationary eigenfrequency 
regions are observed for every quantum number l and n suggesting the most probable Re ranges for 
acoustic treatment of viruses in order to detect or annihilate the virus using corresponding virus-
water configuration. 
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INTRODUCTION 
The low frequency vibrational modes of nanometric viruses have been the subject of great concern 
in last few years[1-9]. Viruses being one of the smallest organisms are the miniscule pockets of 
proteins containing RNA or DNA surrounded by capsid and have found potential applications in 
diverse areas of rapidly developing nanotechnologies such as nanotemplates for nanofabrication[10-
16] and  in diagnosing and treating the viral diseases[17-19]. Besides, nanometric viruses present in 
aqueous medium can be treated as microstructures which have undoubtly the great fundamental and 
practical interests driven by potential applications in targeted drug delivery[20]. Nanometric size and 
approximately spherical shape of many viruses make an analogy with nanocrystals or quantum dots. 
The analogy between nanometric size and approximately spherical shape of many viruses has been 
successfully applied to use the highly celebrated Lamb’s classical model of confined elastic 
vibrations in nanomaterials to viruses for the study of their quantized phonon modes[1-9, 17]. The 
confined elastic vibrations or quantized  acoustic waves in nanostructures are mechanical vibrations 
with frequency of orders of sound divided by a typical length of the nanostructure[2]. Moreover, 
elastic vibrations of nanoparticles(spherical viruses) manifest themselves in the low frequency 
Raman Spectra which make determination and understanding of their low frequency vibrational 
modes possible[17]. The first attempt to find vibrational frequencies of a free, isotropic, 
homogeneous, continuous sphere using only size, density and speeds of sound in corresponding bulk 
material was made by Lamb[21]. However, there exist many modifications to this with the inclusion 
of the effect of surrounding medium[1-3,8-9,22]. A growing interest towards the study of acoustic 
phonon quantization of viruses is manifested to its suitability in less expensive medical applications 
[23-25]. 
The estimation of vibrational frequencies in spherical virus particles or other similar organic 
nanostructures has been attempted previously by several workers[1-9,21].Most of these studies 
however have been performed by considering the spherical viruses as bare spherical nanoparticles 
ignoring the effect of liquid solvent. The effect of surrounding medium on the vibrational modes for 
any system was first presented by Dubrovskiy[9]. The frequency of the modes turns imaginary in the 
presence of surrounding medium; while the real part represents the vibration of free particle and the 
decay of modes due to loss of energy of vibrating particle. With the basic idea of Dubrovskiy, many 
investigations on the spheres present in the surrounding medium mainly the water or glycerol have 
been performed[1-3,8-9,22]. These works have treated medium as an elastic medium with zero 
transverse speed of sound and the viscosity effect was studied for biological objects with an 
inclusion of torsional modes[26]. This was followed by another study on TMV virus with the 
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consideration of the effect of viscosity on the frequency of vibrational modes[2]. The viscosity of 
water significantly dampens the free vibrational modes of TMV virus. Though the effect of viscosity 
is considered successfully, there is no consideration of effects of mutual interaction of inertial and 
viscous forces on vibrational modes. This can be achieved with an exigent involvement of Reynolds 
number(Re), a dimensionless quantity which gives the measure of effective inertial forces to viscous 
forces for given flow conditions, hence describing the nature of flow whether it is laminar or 
turbulent. Therefore, it is expected that the Reynolds number will aver obvious effects on the 
vibrational modes of nanometric viruses[27-28]. The convolution of exerted high pressure on virus 
and its boundary layer condition bolsters the expectation of high values of Reynolds number. 
Furthermore, the flow around the sphere reaches a critical state characterized by a low drag 
coefficient and unsteady flow conditions[29]. The principal motion is steady in the case of 
sufficiently small velocities while with the large Reynolds numbers the laminar flow past a body is 
unsteady at any rate[30]. Very recently, the role of Reynolds number on the flow of microswimmers 
or microrobots has been established[31]. Galstyan et al [3] have performed a systematic study on the 
breathing mode of elastic sphere in both Newtonian and Complex media to confirm the experimental 
observations[1] of viscoelastic trigger of high frequency longitudinal vibrations of bipyramidal 
nanoparticles. However, their results show contradicting behaviour as far as vibrational mode is 
concerned.  In addition, these works have not fully incorporated with fluid dynamics and vibrational 
dynamics to understand localised phenomena surrounding fluid embedded virus. However in our 
previous work[17], we have analogously studied virus as a quantum dot and reported the distinctive 
involvement of viscoelasticity of fluid matrix in enhancing damping time of virus. We achieved a 
longer damping time(34.3 ps) for a 50 nm virus in aqueous configuration and predicted an estimation 
of virus annihilation with principles of rife machine. This striking emergence of damping time as an 
important parameter provided a direct approach for the detection and killing of the virus particles 
based on acoustic resonance[3,17]. Damping time as a felicitous parameter in our previous study 
extrapolates its sheer presence in fluid dynamical consideration of virus-water configuration, and 
hence to be analytically expressed as a function of Reynolds number. In the present work, we 
perform an estimate of low frequency vibrational modes of a conformationally stable spherical virus 
embedded in aqueous medium under the framework of an elastic continuum model entailing the 
effect of Reynolds number for an improvised understanding of the amenable configuration of virus-
surrounding medium for virus destruction. Our calculations show that the presence of surrounding 
medium water embellishes the damping time to a significantly high value, suggesting a distended 
likelihood of killing the virus compared with previous estimates.  
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METHODOLOGY 
The vibrational modes of nanometric spherical virus particle embedded in aqueous medium are 
calculated using classical Lamb’s model[21] and its improved versions[17, 32-38].  Lamb’s equation 
which is actually manifestation of Navier equation in elasticity, gives rise to displacement field.  
From Free Shell Model(FSM), the eigenvalue equation for spheroidal mode under the stress free 
boundary conditions at the surface of the virus are obtained as[32-36] 
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𝑉𝑙
𝑎)
⁄ =
1
1−
1
4
(
𝜔
𝑉𝑡
𝑎)
2  for l=0          (1) 
2 [𝜂2 + (𝑙 − 1)(𝑙 + 2) {
𝜂𝑗𝑙+1(𝜂)
𝑗𝑙(𝜂)
− (𝑙 + 1)}]
𝜉𝑗𝑙+1(𝜉)
𝑗𝑙(𝜉)
−
𝜂4
2
+ (𝑙 − 1)(2𝑙 + 1)𝜂2 + {𝜂2 − 2𝑙(𝑙 − 1)(𝑙 +
2)}
𝜂𝑗𝑙+1(𝜂)
𝑗𝑙(𝜂)
= 0 for l ≥1           (2) 
Here dimensionless eigenvalue is expressed as 
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Where ω is the angular frequency and R is radius of an isotropic nanoparticle. jl(η) or jl(ξ) are the 
spherical Bessel’s function of first kind and 𝜂 = 𝜉 (
𝑉𝑡
𝑉𝑙
⁄ ). The torsional mode is a vibration 
without dilation, and its eigenvalue equation is given by[21] 
𝐽𝑙+1(𝜂) −
𝑙(𝑙−1)
𝜂
𝐽𝑙(𝜂) = 0  for l ≥1(11)        (4) 
The torsional modes are defined for l ≥1 and are orthogonal to the spheroidal modes[27,28]. The 
eigen frequencies obtained from equations (2) and (3) depend only on single index l which lead to 
the (2l+1)-fold degeneracies for lth vibrational mode. These discrete modes for different values of l 
are essentially similar to acoustic phonons at discrete q-points in the Brillouin zone given by 
𝜋(𝑙 + 1 2⁄ )/𝑅 up to a maximum value  π/a at the zone boundary[21]. These  modes modify the 
density of states of bulk[32,33] and have been found responsible for increase in specific heat of 
nanoparticle at low temperature[39].  The lowest eigenvalue for n=0 for both spheroidal and 
torsional modes corresponds to the surface modes and have large amplitude near the surface. The 
frequencies of the spheroidal and torsional modes  can be calculated from eigenvalue equations (1,2) 
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and (4) respectively. In order to express the vibrational frequencies in cm
-1
, it is divided by the 
velocity of light in vacuum c. Therefore, it is possible to observe the modes, allowed by the selection 
rules in the low frequency Raman scattering. The spheroidal modes are characterised by  l≥0, where 
l=0 is the symmetric breathing mode, l=1 is the dipolar mode and l=2 is the quadrupole mode. The 
l=0 mode is purely radial and produces polarized spectra, while l=2 mode is quadrupolar and 
produces partially depolarized spectra. The spheroidal modes for even l (i.e. l=0 and 2) are Raman 
active[17]. The lowest eigen frequencies for n=0 for both spheroidal and torsional modes correspond 
to the surface modes while n≥1 corresponds to inner modes as equations are described by quantum 
number l and harmonic n. 
From Complex Frequency Model(CFM), it is observed that the presence of surrounding medium on 
the low frequency Raman peaks of spherical viruses is manifested in the line width broadening, 
shifting of peak positions and even appearance of new peaks. To explain the effect of medium, the 
equation of motion is solved under new boundary layer conditions and specific acoustic impedance 
(Zm) at the interface of medium and spherical viruses[17,19]. With an analogy to Complex 
Frequency Model(CFM), we take into account parameters of spherical virus as it is surrounded by a 
homogeneous and isotropic matrix of density ρm and speeds of sound Vlm and Vtm[17, 26]. The CFM 
model is the result of fixed boundary condition and is different from the free boundary condition in 
the sense that it takes into account the stresses at virus boundary, continuity of ?⃗?  and force balance at 
the virus-matrix interface due to the existence of boundaries at the virus particle and matrix 
interface. The boundaries between the particle and matrix modify the confined phonon modes and 
even sometimes are responsible for the appearance of new modes. The boundary condition at large R 
is that ?⃗?  is an outgoing travelling wave. 
The velocity field of virus particles of radius R is governed by the linear Navier-Stokes equation for 
compressible flows due to considered small amplitude acoustic waves in the field. Under stress free 
boundary conditions the Lamb’s equation has two kinds of eigenvalues: spheroidal or torsional 
which are described by orbital angular momentum quantum number l and harmonic n[17]. We use 
radius of protein and its average sound velocities to estimate the frequencies of the vibrational 
modes. On these contours, the presence of surrounding medium water affect the boundary conditions 
through specific acoustic impedance(Zm) and hence modifying eigenvalue equations. The modified 
eigenvalue equation for the lowest spheroidal mode can be expressed as[19,36] 
𝑠2 tan(s) = [4 (
𝑉𝑡𝑝
𝑉𝑙𝑝
)
2
+ 𝑖𝑠 (
𝑍𝑚
𝑉𝑙𝑝𝜌𝑝
)] (tan(𝑠) − 𝑠)                                                                                  (5) 
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Where 𝑉𝑡𝑝and 𝑉𝑙𝑝are the transverse and longitudinal sound velocities respectively, and  𝜌𝑝  is the 
density of virus. 𝑠 =
𝜔𝑅
𝑉𝑙𝑝
 is the eigenvalue and Zm is the specific acoustic impedance at the matrix 
interface, which is simply density times the sound velocity for a plane interface. For a spherical 
interface it is mathematically given by 
𝑍𝑚 = 𝜌𝑚𝑉𝑚
((𝑘𝑚𝑅)
2−𝑖(𝑘𝑚𝑅))
1+(𝑘𝑚𝑅)2
                                                                                                                     (6) 
Where, ρm and Vm are the density and sound velocity in the surrounding medium, respectively. Here 
𝑘𝑚 =
𝜔
𝑉𝑚
 is the wave vector in surrounding medium. The eigenvalue obtained so can be used to 
estimate the complex angular frequency (Im(𝜔)) and then the damping time(τD) of the normal modes 
using expression  𝜏𝐷 =
−1
𝐼𝑚(𝜔)⁄ . 
This leads us to derive Reynolds number as a function of velocity in the fluid matrix which can be 
achieved using Free Shell Model, Elastic continuum approach and treatments of fluid dynamics 
under stress free boundary conditions at the surface of spherical viruses. As investigated by 
Reynolds[40], Landau[30] and Orszag[41], our approach to fluid dynamics can be extended to relate 
acoustic phenomena at the surface of virus and Reynolds Number(Re) as a measure of viscous force 
and inertial force resulting from virus’ boundary layer interactions with the surrounding viscoelastic 
fluid by classical point of view. 
Equation for stress by considering a viscoelastic(Kelvin-Voigt) material can be written as[2] 
𝜎𝑖𝑗 = 2(𝜇𝐿 + 𝑖𝜔𝜇)𝜀𝑖𝑗 + (𝜆𝐿 + 𝑖𝜔𝜆)𝛻 • ?⃗? 𝛿𝑖𝑗                                                                                         (7) 
Where μ is the shear viscosity, λ is the second viscosity coefficient, 𝜔 is the frequency , ?⃗?  is the 
displacement field, 𝜀𝑖𝑗 and 𝜎𝑖𝑗 are strain and stress tensors respectively. 
And Lamb’s equation for three dimensional elastic body in the differential form is given by the 
expression as, 
𝜌
𝜕2?⃗? 
𝜕𝑡2
= (𝜆 + 𝜇)?⃗? (?⃗? • ?⃗? ) + 𝜇𝛻2?⃗?                 (8) 
 
Where  ?⃗?  is a lattice displacement vector, ρ is mass density the two parameters μ and λ are Lame’s 
constants as well as dynamic viscosity coefficient or second viscosity coefficient respectively as 
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Saviot et al[5] derives velocity expressions for viscous compressible fluid  which stand in the 
equivalence of velocity expression of Talati et al   and related to the longitudinal and transverse 
sound velocities in bulk symbolically as 
𝑉𝑡 = √
𝜇
𝜌
  and 𝑉𝑙 = √
2𝜇+𝜆
𝜌
                 (9) 
Hence in case of  viscous compressible fluid[16], 
𝜇 = 𝐶44 =
𝑌
2(1+𝜎)
                 (10) 
Where Y and σ are Young’s modulus and Poisson’s ratio respectively. 
 
As considered in the model, spherical virus is confined and boundary layer is laminar, a fluid may be 
considered ideal if Re is large and as the rapid decrease in velocity in the boundary layer is 
ultimately due to the viscosity which counts significantly even if Re is large whereas it is known that 
very large Reynolds numbers are equivalent to very small viscosities[42]. And with the solutions of 
Prandtl’s equations of motion in laminar boundary layer, we reach at an important result that when 
Reynolds number is changed, the whole flow pattern in the boundary layer undergoes a similarity 
transformation, where longitudinal distances and velocities remain unchanged while transverse 
distances and velocities vary as a function of Re[43]. 
Now from Reynolds number concept and Orr Sommerfield’s stability equation[40-41,44], 
We have, 
𝑅𝑒 =
𝜌𝑣𝐿
𝜇
                                                                                                                                                  (11) 
Where, ρ is mass density, μ is dynamic viscosity coefficient, L is the distance travelled by fluid and 
v is maximum velocity an object attains with respect to fluid. As virus traverses through the fluid 
matrix, velocity of the matrix (water in our study) influences the relative transverse velocity of virus 
and hence value of v in the expression changes relative to the velocity of fluid. Virus has been 
assumed covering linear distance up to 100 to 1000 times its size as a result of relative fluid 
movement whereas fluid laminarly covering the distance L in the range of a few nanometers. In case 
velocity of the fluid is altered, the relative velocity of the object with respect to fluid will also 
similarly transform, hence shifts will be observed. In that case, combining Eqn (9) and (10), 
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We have 
𝑅𝑒 = (
𝑌𝐿2𝜌
2𝜇2(1+𝜎)
)
1
2⁄
                                                                                                                           (12) 
As virus is smooth and flow is considered below critical Reynolds number, velocity distribution can 
be expressed as, 
𝑣(𝑥, 𝑦, 𝑧, 𝑡) = ∑ 𝐴𝑝1,….,𝑝𝑛𝑝1,….,𝑝𝑛 (𝑥, 𝑦, 𝑧)𝑒
−𝑖 ∑ 𝑝𝑖𝜙𝑖
𝑛
𝑖=1                                                                    (13) 
Where |A| max~√𝑅𝑒 − 𝑅𝑒𝑐𝑟 and A is a time function A(t)=const•e
-iΩt
, where ϕi=ωi+βi is phase 
containing n arbitrary initial phases βi. As frequencies incommensurate, opting freely a set of 
simultaneous values for the phases ϕi will set it to a state beforehand in a long interval of time with 
the fluid traversing through the states which are apparently close. Character typical of turbulence 
will develop with certain new sets of periods in succession with further increase of Re. The motion 
possesses a definite number of degrees of freedom for a definite Re; in the limit as Re tends to 
infinity, similarly the number of degrees of freedom will grow infinitely large[30]. In subcritical 
flow, drag coefficient is nearly independent of Reynolds number but an increase in pressure leads to 
the expectation of high Reynolds number whereas circumferential angle of sphere is also important 
to be considered when sphere is dragged because of relative fluid motion[29]. Analogy set on the 
same line with the elastic spherical virus model can improve our understanding of vibrational modes 
coupled with fluid dynamics understanding involved in the phenomena.  
RESULTS AND DISCUSSION 
Low frequency vibrational modes of nanometric spherical viruses embedded in aqueous medium are 
investigated with elastic parameters of lysozyme crystal[Table I] for an optimum range of sizes and 
varying Reynolds numbers[17,45-47] by solving eigenvalue equations(1-3) utilising velocities as 
functions of Re from equation(12) and  results are presented in Table II. The results assert Reynolds 
number(Re) as a function of relative translational velocity of virus with respect to water. It can be 
seen from results that Re significantly modifies eigenvalues and eigenfrequencies. The frequencies 
of torsional modes remain unchanged with varying Reynolds number, indicating their purely 
transverse nature and independence of torsional modes from material property. Eigenfrequencies 
corresponding to l=0 and n=0 spheroidal mode are presented in last column of Table II, and it is 
obvious that values are varying with size of virus for a given Reynolds number. The energy 
eigenvalues for virus particles of different sizes show blueshift of spheroidal mode energy with 
decreasing size which is quite consistent with our previous study[17] and other studies[1-9]. As the 
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effect of water on biological structure has been earlier reported[48-50], our result shows significant 
variation in energy eigenvalues with the involvement of viscous and inertial forces and this is 
majorly because of role of water as a Newtonian fluid. The effect of water is to dampen the modes 
and turning the frequency into the complex frequency. This implies the attenuation of oscillation of 
virus in the presence of surrounding medium[3] which is clearly visible in Fig. 1 and Fig. 2. This 
attenuation in oscillation results from propagation of energy of modes into the surrounding medium 
away from vibrating virus particles through travelling waves [51]. It is quite fascinating to observe 
the stationary regions for every l and n in Fig. 1, these regions suggest criticality of the flow around 
the virus and the best probable scenario to annihilate the virus with acoustic treatment.  
For an undamped oscillation system, damping time(τD) is infinite, so is the quality factor(Q) but for a 
system experiencing damping, condition slightly differs. In case system suffers small damping, 
resonant frequency is nearly equal to natural frequency ω/2π. In a fluid system, virus being in 
oscillation is hindered by water surrounding it where water acts as an external agent to alter the 
vibrational frequency of virus and damping time. Fig. 2 illustrates the suppressing of 
eigenfrequencies with an increase in Re for varying virus sizes whereas stationary regime is seen to 
be more significant with a conglomerated virus size. This can be well explained with the inclusion of 
the concept of relative damping. We observe that as Reynolds number increases, the increase in 
relative viscous action results into shifting of velocity opposing viscous forces, hence damping force 
comes playing a major role for virus-water configuration. The measure of water’s velocity and 
relative mass measure of virus determine the magnitude of damping. As the mass of virus particle 
increases, damping effect(𝜁 = 𝑐/2√𝑘𝑚) is relatively altered. For a virus of smaller size and mass, 
relative movement of water with respect to virus endows a greater damping. As Re manifests within 
the limits of critical Reynolds number(Recr), relaxation time appears to be slowly elevating the time 
virus-water system elapses to decay to e
-1
 value. This process continues until system achieves almost 
static configuration. In case the relative movement around virus particle exceeds critical range, the 
system plunges to suffer very significant damping and equilibrium is largely hampered which is 
observed to be resulting into steep decrease in damping time with further increase in Reynolds 
number beyond Recr. This finally resorts to our results that the increase in Reynolds number as a 
relative measure of viscous force to inertial force, results into an effective suppression of 
eigenfrequencies in case of all viruses of varying radii. With Re≈Recr, the nonstationary motion is 
difficult to materialize; and in case poiseuille motion with Re below Recr is adopted, motion 
becomes somewhat steady with respect to significantly large perturbations for varying modes even 
in the case Recr>Re. In subcritical flow, drag coefficient remains nearly independent of Re, so 
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eigenvalues are not sufficiently affected in region of Re≈Recr and is independent of virus sizes as 
variation of eigenfrequencies appear significant. One of the major aims of present study is to find the 
critical Reynolds number(Recr) for which damping time is significantly high so that combination of 
virus and water can be used to detect and kill viruses and this is quite evident from stationary regions 
of Fig. 2. It is interesting to note that the damping time smoothly increases for the value of Re and 
becomes maximum for Re≈Recr and further rapidly comes to zero. Damping time remains zero after 
critical Reynolds number Recr. As studied by Djellouli et al[31], it is found that shape hysteresis 
results in quasisimilar stability in shape deformations with displacement of 1% of radius of spherical 
microrobot( a self propeller unlike virus which swims as a result of relative fluid disturbance). This 
enhances the stability for acoustic treatment on viruses, even if they become conformationally 
instable. This supports resonance phenomenon to a favourable peak and incorporates with inertial 
interaction between fluid and virus even at small scales. Keeping in view that the fluid movement 
past virus no matter how small is necessary, the damping time of virus with varying radii has been 
estimated and it is observed that damping time remains same for all velocity values within the limits 
of acoustic Vt and Vl values of virus, and results are presented in Table III. On the other hand, 
damping time drastically increases with an increase in relative velocity values beyond acoustic 
velocities of virus. For an enhanced picture of this phenomenon, we selectively study the variation of 
damping time with Reynolds Number for the virus of radius 56nm and calculated data from equation 
(5-6) are presented graphically in Fig. 3. Here, damping time is observed to be increasing with size; 
however it remains in the range of picoseconds. This is consistent with the protein-solvent coupling 
time scale occurring in both relaxations and low frequency vibrations of proteins[52]. A comparison 
has been drawn for spheroidal eigenvalues without inclusion of Reynolds number, i.e. without using 
equation (12) and just with standard parameters from Table I, against ones expressed as functions of 
Re, and presented in Figure 4.  Results show  that with an increase in Reynolds number, spheroidal 
modes for harmonic n appear significantly regressive. Stronger hydrogen bonds at viral protein 
surface could explain the reason behind regression [53]. The study supports extension for linear 
chains of spherical viruses as propelling sphere cargo at low Re[4]. 
CONCLUSION 
 The present paper reports the Reynolds number dependency of low frequency vibrational modes and 
damping time of a spherical virus in reference of virus detection and destruction. Study shows that 
for a virus of fixed radius, damping time does not change for a system unless induced relative 
velocity exceeds the parametric velocity of virus. As high acoustic mismatch in virus-matrix 
configuration is observed, the virus can be destroyed by considering the role of Re as a function of 
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viscous and inertial forces evident in viscoelastic virus embedded system where mechanical 
annihilation of the virus can be achieved with the principle of rife therapy where resonance between 
microbe’s lethal mechanical oscillation frequency and mechanical oscillation frequency would 
facilitate the process.  
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TABLE CAPTION: 
Table I: The acoustic parameters for spherical virus embedded in aqueous medium. 
Table II: Eigenmodes and Eigenfrequencies of Spherical Virus with varying Reynolds number. 
Table III: Damping time of viruses in aqueous medium for vibrations pertaining to virus-water. 
configuration within the range of standard acoustic parameters. 
FIGURE CAPTION: 
Fig. 1: Effect of Reynolds number on Spheroidal Eigenvalues. 
Fig. 2: Effect of Reynolds number on Eigenfrequencies of spherical viruses of varying radii. 
Fig. 3: Effect of Reynolds Number on damping time of spherical virus of radius 56nm. 
Fig. 4: Spheroidal mode eigenvalues with or without Reynolds number consideration for (a)l=0 (b) 
l=1(c)l=2 for varying n. 
 
 
 
 
 
 
 
 
 
 
13 
 
REFERENCES 
[1] M. Pelton, D. Chakraborty, E. Malachosky, P. Guyot-Sionnest, and J. E. Sader, Viscoelastic 
flows in simple liquids generated by vibrating nanostructures, Phys. Rev. Lett. 111, 244502 
(2013) 
[2] L. Saviot, C. H. Netting, and D. B. Murray, Damping by Bulk and Shear Viscosity of 
Confined Acoustic Phonons for Nanostructures in Aqueous Solution,  J. Phys. Chem. B 111, 
7457-7461 (2007) 
[3] V. Galstyan, O. S. Pak, and H. A. Stone, A note on the breathing mode of an elastic sphere in 
Newtonian and complex fluids, Physics of Fluids 27, 032001 (2015) 
[4] B. U. Felderhof, Collinear swimmer propelling a cargo sphere at low Reynolds number, Phys. 
Rev. E 90, 053013 (2014) 
[5] T. A. Johnson and V. C. Patel, Flow past a sphere up to a Reynolds number of 300, J. Fluid 
Mech 378, 19-70 (1999) 
[6] S. Kuwabara, The Forces experienced by a Lattice of Elliptic Cylinders in a Uniform Flow at 
Small Reynolds Numbers, Journal Of The Physical Society Of Japan 14, No. 4 (1959) 
[7] A. Acharya, R. A. Mashelkar, and J. Ulbrechi, Flow of inelastic and viscoelastic fluids past a 
sphere, Rheol. Acta 15, 454-470 (1976) 
[8] D. E. Kheisin, Radial oscillations of an elastic sphere in a compressible fluid, Fluid Dyn. 2, 
53-55 (1967) 
[9] V. A. Dubrovskiy and V.S. Morochnik, Izv, Natural vibrations of a spherical inhomogeneity 
in an elastic medium, Earth Phys. 17, 494-504 (1981) 
[10] Q. A. Pankhurst, J. Connolly, S. K. Jones, and J. Dobson, Applications of magnetic 
nanoparticles in biomedicine, J. Phys. D 36, R167 (2003) 
[11] J. Connolly and T. G. St. Pierre, Proposed biosensors based on time-dependent properties of 
magnetic fluids, J. Magn. Magn. Mater. 225, 156 (2001) 
[12] M. Knez, M. Sumser, A. M. Bittner, C. Wege, H. Jeske, T. P. Martin, and K. Kern, Spatially 
Selective Nucleation of Metal Clusters on the Tobacco Mosaic Virus,  Adv. Funct. Mater. 14, 
116 (2004) 
[13]  C. E. Flynn, S. W. Lee, B. R. Peelle, and A. M. Belcher, Viruses as vehicles for growth, 
organization and assembly of materials, Acta Mater. 51, 5867 (2003) 
[14] W. Shenton, T. Douglas, M. Young, G. Stubbs, and S. Mann, Inorganic–Organic Nanotube 
Composites from Template Mineralization of Tobacco Mosaic Virus, Adv. Mater. 
(Weinheim, Ger.) 11, 253 (1999) 
[15] M. Knez, A. M. Bittner, F. Boes, C. Wege, H. Jeske, E. Maiss, and K. Kern, Biotemplate 
Synthesis of 3-nm Nickel and Cobalt Nanowires, Nano Lett. 3, 1079 (2003) 
[16] C. Mao, D. J. Solis, B. D. Reiss, S. T. Kottmann, R. Y. Sweeney, A. Hayhurst, G. Georgiou, 
B. Iverson, and A. M. Belcher, Virus-based toolkit for the directed synthesis of magnetic and 
semiconducting nanowires, Science 303, 213 (2004) 
[17]  M. Talati and P. K. Jha, Acoustic phonon quantization and low-frequency Raman spectra of 
spherical viruses, Phys. Rev. E. 73, 011901 (2006) 
[18]  L. H. Ford, Estimate of the vibrational frequencies of spherical virus particles, Phys. Rev. E 
67, 051924 (2003) 
[19]  L. Saviot and D. B. Murray, The connection between elastic scattering cross sections and 
acoustic vibrations of an embedded nanoparticle, Phys. Stat. Sol. (c) 1, No. 11, 2634 (2004) 
[20]  Z. Ahmad, and  M. Edirisinghe, Preparation of Nano- and Microstructures For Drug 
Delivery, AAPS PharmSciTech 18: 1427  (2017) 
14 
 
[21]  H Lamb, On the Vibrations of an Elastic Sphere, Proc. London Math. Soc. 13, 189-212 
(1882) 
[22]  D. Chakraborty, E. van Leeuwen, M. Pelton, and J. E. Sader, Vibration of Nanoparticles in 
Viscous Fluids, J. Phys. Chem. C 117, 8536–8544 (2013) 
[23] D. Ahmed, T. Baasch, B. Jang, S. Pane, J. Dual, and B. J. Nelson, Artificial swimmers 
propelled by acoustically activated flagella, Nano letters 16 (8), 4968 (2016) 
[24]  N. Bertin, T. A. Spelman, O. Stephan, L. Gredy, M. Bouriau, E. Lauga, and P. Marmottant, 
Propulsion of Bubble-Based Acoustic Microswimmers, Phys. Rev. Applied 4, 064012 (2015) 
[25] M. Kaynak,  A. Ozcelik,  A. Nourhani,  P. E. Lammert,  V. H. Crespi,  and  T. Jun Huang, 
Acoustic actuation of bioinspired microswimmers, Lab Chip 17, 395-400 (2017) 
[26] P. G. D. Gennes, and M. Papoular, Vibrations de basse fre´quence dans certaines structures 
biologiques. In Polarisation matiere et rayonnement; Socie´te´ Franc¸aise de Physique; 
Presses Universitaires de France: Paris, 1969; p 243 
[27] M. Horowitz and C. H. K. Williamson, The effect of Reynolds number on the dynamics and 
wakes of freely rising and falling spheres, J. Fluid Mech 651, 251-294 (2010) 
[28]  C. Escauriaza and F. Sotiropoulos, Reynolds Number Effects on the Coherent Dynamics of 
the Turbulent Horseshoe Vortex System, Flow, Turbulence and Combustion 86, 231-262 
(2011) 
[29]  E. Achenbach, Experiments on the flow past spheres at very high Reynolds numbers, J. 
Fluid Mech. 54, part 3, 565-575 (1972) 
[30] L. D. Landau, On the Problem of Turbulence, C. R. Acad. Sei. URSS 44, 311 (1944) 
[31] A. Djellouli, P. Marmottant, H. Djeridi, C. Quilliet, and G. Coupier, Buckling Instability 
Causes Inertial Thrust for Spherical Swimmers at All Scales, Phys. Rev. Lett. 119, 224501 
(2017) 
[32] A. Tamura, K. Higeta, and T. Ichinokawa, Lattice vibrations and specific heat of a small 
particle, J. Phys. C 15, 4975 (1982) 
[33] A. Tamura, K. Higeta, and T. Ichinokawa, The size dependence of vibrational 
eigenfrequencies and the mean square vibrational displacement of a small particle, J. Phys. C 
16, 1585 (1983) 
[34] A. Tamura and T. Ichniokawa, Frequency spectrum of a small particle, J. Phys. C 16, 4779 
(1983) 
[35] L. Saviot, B. Champagnon, E. Duval, and A. I. Ekimov, Size-selective resonant Raman 
scattering in CdS doped glasses, Phys. Rev. B 57, 341 (1998) 
[36] L. Saviot, D. B. Murray, and M. del C.Marco de Lucas, Vibrations of free and embedded 
anisotropic elastic spheres: Application to low-frequency Raman scattering of silicon 
nanoparticles in silica, Phys. Rev. B 69, 113402 (2004) 
[37] A. Tanaka, S. Onari, and T. Arai, Low-frequency Raman scattering from CdS microcrystals 
embedded in a germanium dioxide glass matrix, Phys. Rev. B 47, 1237 (1993) 
[38] S. K. Gupta, S. Sahoo, P. K. Jha, A. K. Arora, and Y. M. Azhniuk, Observation of torsional 
mode in CdS1−xSex nanoparticles in a borosilicate glass, J. App. Phy. 106, 024307 (2009)   
[39] N. Nishiguchi, T. Sakuma, Vibrational spectrum and specific heat of fine particles, Solid 
State Commun. 38, 1073 (1981) 
[40] O. Reynolds, An experimental investigation of the circumstances which determine whether 
the motion of water shall he direct or sinuous, and of the law of resistance in parallel 
channels, Phil. Trans. R. Soc. Lond. 174, 935-982 (1883) 
[41] S. A. Orszag, Accurate solution of the Orr–Sommerfeld stability equation, J. Fluid Mech. 50, 
part 4, 689-703 (1971) 
[42] L D Landau, and E.M. Lifshitz, Fluid Mechanics, Edition 2nd, Volume 6, Elsevier 
15 
 
[43] L. Prandtl, in Verhandlungen des dritten internationalen Mathematiker-Kongresses in 
Heidelberg 1904, A. Krazer, ed., Teubner, Leipzig, Germany (1905), p. 484. English trans. in 
Early Developments of Modern Aerodynamics, J. A. K. Ackroyd, B. P. Axcell, A. 1. 
[44] N. Rott, Note on the History of the Reynolds Number, Annu. Rev. Fluid Mech. 22, 1-11 
(1990) 
[45] A. V. Gorelov, V. N. Morozov, Mechanical denaturation of globular protein in the solid state,  
Biophys. Chem. 28 (1987) 
[46] V. N. Morozov, T. Ya Morozova, Elasticity of globular proteins. The relation between 
mechanics, thermodynamics and mobility, J. Biomol. Struct. Dyn. 11, 459 (1993) 
[47] M. Tachibana, K. Kojima, R. Ikuyama, Y. Kobayashi, and M. Ataka, Sound velocity and 
dynamic elastic constants of lysozyme single crystals, Chem. Phys. Lett. 332, 259 (2000) 
[48] P. Jiravanichpaisal, K. Soderhall, and I. Soderhall, Effect of water temperature on the 
immune response and infectivity pattern of white spot syndrome virus (WSSV) in freshwater 
crayfish, Fish & Shellfish Immunology 17, 265-275(2004) 
[49] H. Du, W. Dai, X. Han, W. Li, Y. Xu, and Z. Xu, Effect of low water temperature on viral 
replication of white spot syndrome virus in Procambarus clarkii, Aquaculture 277, 149-
151(2008) 
[50] S. S. Bauerfeind, K. Fischer, Integrating temperature and nutrition – Environmental impacts 
on an insect immune system, J. Insect Physiology 64, 14-20(2014) 
[51] M. F. Smith, and G. Masters, A spherical structure constraints from free oscillation frequency 
and attenuation measurements, J. Geophys. Res., 94(B2) (1989) 
[52] G. Caliskan, D. Mechtani, J. H. Roh, A. Kisliuk, A. P. Sokolov, S. Azzam, M. T. Cicerone, 
S. Lin-Gibson, and I. Peral, Protein and solvent dynamics: how strongly are they coupled?, J. 
Chem. Phy. 121, 1978 (2004) 
[53] S. B. Leslie, E. Israeli, B. Lighthart, J. H. Crowe, and L. M. Crowe, Trehalose and sucrose 
protect both membranes and proteins in intact bacteria during drying, Appl. Environ. 
Microbiol. 61, 3592 (1995) 
 
 
 
 
 
 
 
 
 
 
16 
 
Table: I 
 Vl(m/s) Vt(m/s) ρ(m/s) 𝜌𝑚
𝜌𝑉𝑖𝑟𝑢𝑠
 
Water 1483 0 1.00 0.826 
Virus 1817 915 1.21 1 
 
Table II: 
 Eigenfrequencies(cm-1) of a spherical virus  
𝑣𝑡(m/s) 
(Transverse 
velocity of virus) 
Spheroidal modes Torsoinal Modes Eigenfrequency(cm-1) 
Of Virus with Radius 
l n 
Eigenvalue with 
Reynolds 
consideration 
l n 
Eigenvalue with 
Reynolds 
consideration 5628nm 562.8nm 56.28nm 5.628nm 
 0 0 0.792000    1 0 5.764000 
0
.0
0
5
 
0
.0
4
7
 
0
.4
6
8
 
4
.6
8
 
7
0
0
 
R
e=
1
5
3
6
.0
4
1
3
8
 
 1 6.779000     1 9.096000    
 2 10.680000  2 12.323000 
1 0 0.874000    2 0 2.502000   
 1 4.814000  1 7.137000 
 2 7.359000     2 10.515000    
2 0 1.717000   3 0 3.865000 
 1 2.907000     1 8.445000 
 2 6.517000  2 11.882000    
 0 0 0.618000 
6.731000    
1 0 5.764000 
0
.0
0
4
 
0
.0
4
4
 
0
.4
4
2
 
4
.4
2
3
 
8
0
0
 
R
e=
1
7
5
1
.3
5
6
8
1
 
 1  1 9.096000 
 2 10.610000  2 12.323000    
1 0 0.683000    2 0 2.502000    
 1 4.798000  1 7.137000 
 2 7.351000  2 10.515000 
2 0 1.602000 3 0 3.865000    
 1 2.890000  1 8.445000 
 2 6.498000    2 11.882000   
 0 0 0.605000   
6.728000 
1 0 5.764000 
0
.0
0
4
 
0
.0
4
1
 
0
.4
0
6
 
4
.0
6
4
 
9
0
0
 
R
e=
1
9
6
7
.5
5
8
7
2
 
 1  1 9.096000    
 2 10.606000     2 12.323000    
1 0 0.670000 2 0 2.502000 
 1 4.797000  1 7.137000    
 2 7.351000     2 10.515000    
2 0 1.594000 3 0 3.865000    
 1 2.889000  1 8.445000   
 2 6.497000  2 11.882000 
 
 
0 0 0.540000 1 0 5.764000   
1
0
0
0
 
R
e=
2
1
9
1
.8
3
2
0
3
 
 1 6.713000     1 9.096000 
0
.0
0
3
 
0
.0
3
5
 
0
.3
5
 
3
,4
9
9
 
 2 10.585000    2 12.323000 
1 0 0.598000    2 0 2.502000    
 1 4.792000  1 7.137000    
 
 2 7.348000     2 10.515000 
2 0 1.556000 3 0 3.865000    
 1 2.884000  1 8.445000 
 2 6.492000  2 11.882000    
  0 0 0.490000    1 0 5.764000 
0
.0
0
3
 
0
.0
2
7
 
0
.2
6
5
 
2
.6
5
2
 1
1
0
0
 
R
e=
2
4
0
3
.9
2
4
4
 
 1 6.703000  1 9.096000 
 2 10.570000  2 12.323000 
1 0 0.543000 2 0 2.502000    
 1 4.789000  1 7.137000    
 
 2 7.346000  2 10.515000 
2 0 1.529000   3 0 3.865000    
 1 2.881000  1 8.445000 
 2 6.488000     2 11.882000    
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Table III  
Radius=5.628nm Radius=56.28nm Radius=562.8nm 5628nm 
3.97ps 30.97ps 309.7ps 3097ps 
 
 
 
Fig. 1: Krishnam et al 
  
 
 
 
 
 
 
Fig. 2: Krishnam et al 
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Fig. 3: Krishnam et al 
 
 
 
 
 
 
 
 
Fig. 4: Krishnam et al 
